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Abstract. We provide L 1 estimates for a class of transport equations contain- 
ing singular integral operators. The form of the equation was motivated by the 
study of Kirchhoff-Sobolev parametrices in a Lorentzian space-time verifying 
the Einstein equations. While our main application is for a specific problem in 
General Relativity we believe that the phenomenon which our result illustrates 
is of a more general interest. 

1. Introduction 

The goal of this paper is to prove an L 1 type estimate for solutions of the following 
transport equation, 

dtu(t, x) — a(t, x)Mu(t, x) = g(t, x), u(0,x) = 0. (1) 

Here a = a(t,x) and g — g(t,x) are assumed to be smooth, compactly supported 
functions defined 1 on [0, 1] xR 2 and M is a classical, translation invariant, Calderon- 
Zygmund operator in R 2 , given by a smooth 2 multiplier. Though, for simplicity, we 
shall proceed as if the equation (1) is scalar, all our results extend easily to systems, 
i.e. u and g take values in and aM is a N x N matrix valued operator. 

Ideally, the desired estimate would take the form 

sup ||u(t)|| i i( R 2) < C(||a]]i,«>([o ) i] X R2)) ||fl']U 1 ([o,i]xR 2 ) 
te[o,i] 

As it is well known however such I^-type estimates cannot possibly hold due to 
the failure of L 1 boundedness of Calderon-Zygmund operators. To illustrate this 
consider first the case of a constant coefficient transport equation with a = 1. In 
this case we may write 

u(t,x)= f e (t ~ s)M g{s)ds (2) 
Jo 

where, 

e tM = I + tM + ~(tMf + ■■■ + —(tM) n +■■■ 
2 n\ 
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1 Similar results can be easily extended to higher dimensions. 

2 The smoothness assumption is only imposed to eliminate logarithmic divergences at infinity 
in M 2 , is irrelevant to our main concerns. 
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The problem of L 1 estimates for (1) is then reduced to the corresponding question 
for the operators M n . Each of M n is a Calderon-Zygmund operator and as such 
does not map L 1 to L 1 . A well known way to resolve this problem is to consider 
instead mapping properties of the Hardy space 3 Hi to L 1 . Since translation invari- 
ant Calderon-Zygmund operators M map Hi into Hi (see [Ste2]) we easily infer 
that a solution u of the transport equation 

d t u — Mu = g, u(0, x) = 

belongs to the space L°°([0, l];Hi). Indeed, 

°° ft (f _ „)n °° ft fn(f _ \n 

\Ht)\\ Hl < E/ L ^r-\\M n 9(8)\\H 1 < y Z { —, ' h^Wmds 

< e ct [* Ua)\\ ni d8 
Jo 

While this may be considered a satisfactory solution of the problem for the transport 
equation (1) with constant coefficients, the situation changes drastically in the 
variable coefficient case. Consider the transport equation 

d t u — a{x)Mu — g, u(0, x) = (3) 

with a time- independent coefficient a(x). As before we may write 

u{t,x) = f 'e^-^ aM ~g(s)ds (4) 
Jo 

where, 

e taM = I + taM + \(taMf + ■■■ + —(taM) n + ■■■ 

The multiplication operator a and Calderon-Zygmund operator M do not commute 4 . 
We need instead that the operator aM has the same mapping properties as M, i.e. 
it maps Hi to itself, in which case we would easily conclude that solutions of the 
transport equation (3) belong to the space L°°([0, 1]; H 1 ). To insure this condition 
we are led to the requirement that multiplication by the function a = a(x) maps 
Hardy space into itself. It is well known however that a multiplication by a bounded 
function does not preserve Hi- Instead, such a function a should satisfy the Dini 
condition 

/ sup \a(x) - a(y)\ — < oo, 

JO \x-y\<\ A 

see [Steg] . Functions satisfying the Dini condition can not be sharply characterized 
in terms of the standard Lebesgue type spaces. Specifically, one can easily see that 
even if a is a single atom in the Besov space 1 (K 2 ) or even in B\ x (K. 2 ), both 
sharp Besov refinements of the L°°(R 2 ) space, does not guarantee that the Dini 
condition is satisfied. Yet, in view of the specific applications we have in mind, 
we need to consider precisely the situation when a belongs to the space B\ x , and 

3 The classical Hardy space Hi, defined by the norm H/Hw! = II/IIl1(r2) + 

sup J=1 2 H^j/llL^R 2 )' ' s a can k c viewed as a logarithmic improvement of L 1 . Here Rj = 
(— A) 1//2 c9j are the standard Riesz operators in TZ 2 . 

4 If they did we could write (aM) n as a n M n and derive II^WIIl 1 (R 2 ) ^ 

^#^l|M" fl ( S )|| il(R2) ds < e 0t »«W'> J* M s)\\ ni ds. 
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allow even more general functions in the time-dependent case. As a consequence 
to accomplish our goal we need to give up on the Hardy space Hi and consider in 
fact estimates 5 for solutions u of transport equation (3) of the form, 

sup |K*)||li( K 2) < C(||a|| B i (R 2))Ar(g), (5) 

t€[0,l] 

where the expression N(g) reflects a logarithmic loss 6 relative to the L 1 norm of 
g. The proper definition of N(g) is given below in (14). In the particular case of g 
with compact support N(g) becomes simply \\g Wl 1 ^ 2 ) log + M|l°°(r 2 ) + 1- 

The key feature of estimate (5) is that only one logarithmic loss is present. This 
means that we are not able to attack the problem by merely considering the mapping 
properties of the operator aM. Indeed the best we can prove is the estimate, 

sup \\aM g(t)\\ L i {M 2 } <C(\\a\\ B i {R2) )N(g), 
te[o,i] 

which leads, by iteration, to a loss of (log + ||g|| i oo ( - R 2))" for (aM) n . Instead we 
analyze directly the mapping properties of the multilinear expressions 

(a(x)M) n = a(x)Ma(x)M ....a{x)M (6) 

and their sums. Using commutator estimates and appropriate interpolations be- 
tween the weak L 1 and L 2 mapping properties of the operators M we are able to 
show that in fact we lose only one logarithm for ||(oM) n 5||x,i, regardless of the 
exponent n. Note however that under our assumptions on a(x) the commutator 
[a(x),M] is not a bounded operator 7 on L 1 (R 2 ) and thus the problem can not be 
simply reduced to the weak-i 1 estimate for the Calderon-Zygmund operator M™. 
Instead using the assumption that a £ B\ x we first reduce the problem to the case 
where in the multilinear expression (6) the function a is replaced by its atoms 

Ma kl M...a kn _ 1 M, 

with a k = P k a and the Littewood-Paley projection P k associated with the dyadic 
band of frequencies of size 2 k . We then decompose 

M = M> kl + M <kl = P <kl M + P> kl M 

and observe that [M> kl , a kl ] is a bounded operator on L 1 . It follows that 

Ma kl M...a kn _ 1 M = a kl M> kl M...a kn _ 1 M + [M> kll a kl ]M...a kn _ l M 
+ M <kl a kl M...a kn _ 1 M. 

We now proceed inductively. The first two terms can be reduced to the problem 
of L 1 estimates for the multilinear expressions M 2 a k2 ...a kn _ 1 M and M...a kn _ 1 M, 



To prove such estimates we need the the symbol m(£) of M is smooth at the origin, i.e., 
|d a m(£)| <c(l + |0~ H , V£GR 2 . 

^Recall that according to the result of Stein [Stel] the Hardy space "Hi contains precisely such 
logarithmic loss, as the finiteness of the local, i.e. the norm + H-Rj/Hl 1 computed over balls 

B, Tii norm of g is equivalent to bounds on J g log" 1 " f(x) dx. 

7 The classical result of Coifman-Rochberg- Weiss [CRW] requires only that a 6 BMO for the 
commutator to be bounded on L p with p 6 (1, oo). Extensions of this result from L p to the Hardy 
space Hi however impose once again a Dini type condition on a. 
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each containing only (n — 1) Caldcron-Zygmund operators and (n — 2) atoms a ki . 
The remaining term M <kl a kl M...a kn _ 1 M can be written in the form 

M <fcl a tl Ma i2 ...at„_ 1 M= ^ M <kl a kl M kl a k2 M...a kn _ 1 Mi n _ 1 . 

i2,...,e n -i 

The operator M <kl is handled with the help of the weak-L 1 estimate, which comes 
on one hand with a logarithmic loss but on the other hand has a certain important 
redeeming property in the choice of the constants, which in particular made depen- 
dent on the multi-index £\,..,£ n . The remaining argument consists in showing that 
the operator M kl a k2 M^ 2 ...a kn _ 1 Mg n l is bounded on L 1 with the bound reflecting 
exponential gains in the differences of either of the adjacent frequencies \£ m — £ m -i\ 
or \k m ~ ^m— 1 1 ■ 

The problem of L 1 estimates for the transport equation (1) with variable time- 
dependent coefficient a(t,x) exemplifies even more the need for such multilinear 
estimates. In this case a solution u does not quite have an exponential map repre- 
sentation similar to (4). Instead it can be written in the form 

u(t) = j\{eS>^ MdT }g{s)ds. 

Here T is the Quantum Field Theory (QFT) notation for the time ordered product. 
Thus, we have 

u ( t ) = J "l2~] T {J s J s - J s a(t 1 )Ma(t 2 )M...a(t n )M dt 1 ...dt n jg(s)ds 

= / V / a{tx)Mdti \ a{t 2 )M dt 2 .... \ a(t„)M / g(s) ds (7) 
Jo n=0 Jo Jo Jo Jo 

The time ordering T arranges variables t\,...,t n in the decreasing order t\ > t 2 > 
... > t n . Our method for deriving L 1 estimates for solutions of the transport 
equation (1) involves analyzing each of the multilinear expressions in the above 
expansion. As in the case of the time-independent coefficient a we will be able to 
derive an L 1 estimate with a logarithmic loss under the assumption that a is a B\ 1 
valued function with an appropriate (in fact L 1 ) time dependence. The infinite 
series representation (7) will also help us to uncover another phenomenon. In the 
case when the time-dependent coefficient a can be written as a time derivative of a 
function b, i.e., a = d t b, the L 1 estimate for solutions of the transport equation (1) 
does not require Besov regularity of the coefficient a and instead needs L 2 ([0, 1]; if 1 ) 
regularity of a together with L 2 ([0, 1]; H 2 ) regularity of b. Our main result is the L 1 
estimate for solutions of the transport equation (1) with the coefficient a — d t b + c 
with c € i 1 ([0, 1]; B\ x ) and b satisfying the above conditions. 

To treat this general case we consider multilinear expressions appearing in (7) and 
decompose each of the a(U) into its Littlcwood-Palcy components to form a term 

Jn.k(t)= / ... / a kl (t 1 )Ma k2 {t 2 )M...a k Jt n )Mg(s)dt 1 ...dt n ds 
Jo Jo Jo 
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with k = (fci, k n ). For each k will be able to show the desired estimate 

sup || J„,k(*)||i,i(R2) < CN(g). 
te[o,i] 

The constant C above depends on the L l {\0, 1]; H 1 ) norms of and grows with n. 
As a consequence we face two major summation problems: first with respect to a 
given multi-index k followed by summation in n. Difficulties with summation over 
k are connected with the fact that a no longer has Besov regularity B\ x . This lack 
of regularity is due to the term dtb in the decomposition of a. We notice however 
that upon substitution into J n (t) the term d t bk- can be integrated by parts which 
results in a gain of 1/2 derivative 8 or, alternatively, a factor of 2~ kj / 2 . The problem 
however is that this gain needs to be spread across all remaining (n — 1) terms in 
J n (t), which leads us to choose kj to be the highest frequency among all ki. If the 
highest frequency is occupied by a Besov term Cfc , appearing the decomposition 
of a we select the second highest frequency and continue the process, which in the 
end ensures summability with respect to k. This analysis may potentially lead to 
violent growth of the constant C with respect to n and extreme care is needed. We 
ensure that C decays exponentially in n by imposing smallness conditions on the 
space-time norms of the coefficients b and c. 

We now state our result precisely. Consider the transport equation 

d t u — a{t 1 x)Mu — g(t,x), u(0,x) = 0. 
We assume that for the coefficient a 

ll«lli:-||«llL ? H 1 =(/ 1 ||«WI| 2 ffl ( R2 )) 1/2 <A . (8) 
Jo 

In addition a can be decomposed as follows, 

a = d t b + c (9) 

where, 

II&II2 := (^ 1 |IK*)llW)+^ 1 |IW)l| 2 ffl ( K < i )) 1/2 <Ao (10) 

IMIs : = / l|c(t)||Bi l( *»)dt< Ao (11) 
Jo 

with B\ 1 (M 2 ) the classical inhomogeneous Besov space defined by the norm, 
IMIbi^rs) = \\P<ov\\l* + 2 fe H^HU 2 (R 2 )- 

The operator M is the classical translation invariant Calderon-Zygmund operator 
on R 2 , given by the symbol m(£) verifying 

|d Q m(0| <c(l + |0" H , V^GK 2 . (12) 
We prove the following theorem, 



The fact that the gain is only 1/2 derivative rather than the whole derivative is due to the 
L 2 in time integrability assumption on b. 
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Theorem 1.1 (Main Theorem). Under the above assumptions , if Aq is sufficiently 
small, we have the estimate, 

sup \Ht)\\L^)<CN{g) (13) 
te[o,i] 

where, 

N(g) = ||ff||z,i([o,i] X R2) l°g + {|| < x > 3 ,glk-([o,i]xR2)} + 1. (14) 

Remark 1.2. For a function g of compact support the expression N(g) can be 
controlled as follows 

N (g) ^ I|3||li([o,i]xR2) log+ ||.9||l~([04]xr 2 ) + 1 (15) 

Remark 1.3. Condition (12) implies that the symbol of the operator M is smooth 
at the origin, which in principle eliminates a large class of Calderon-Zygmund oper- 
ators from our consideration. We argue however that this condition is not particu- 
larly restrictive and can be replaced with assumptions of additional spatial decay on 
the coefficients a(t,x). Moreover, in our application (see the paragraph below) we 
consider the corresponding transport equation on a compact manifold (2-sphcrc) 
instead of R 2 , where the existence of a spectral gap ensures that condition (12) 
holds. In that context a prototype for M is the operator (— A) _1 V 2 . Moreover, in 
that case N(g) can be replaced by the LlogL type expression (15). 

The above theorem is a vastly simplified model case for the type of result we need in 
[KI-R06] to prove a conditional regularity result for the Einstein vacuum equations. 
The main assumption in [KI-R06], concerning the pointwise boundedness of the 
deformation tensor of the unit, future, normal vectorfield to a space-like foliation, 
allows us to bound the flux of the space -time curvature through the boundary 
7V~(p) of the causal past of any point p of the space-time under consideration. 
In [Kl-Rol]-[Kl-Ro4], see also [Q], we were able to show that the boundedness of 
the flux of curvature through Af~ (p) suffices to control the radius of injectivity of 
M~{p). This result, together with the construction of a first order parametrix in 
[Kl-Ro5], is used in [KI-R06] to derive pointwise bounds for the curvature tensor 
of the corresponding spacetime. To control the main error term generated by the 
parametrix one needs however to bound the L 1 norm of the first two tangential 
derivatives of tr\ along J\f~ (p) , with tr% the trace of the null second fundamental 
form of A/" - (p) . One can show that the second tangential derivatives of tr% verifies 
a transport equation along the null geodesic generators of J\f~(p) which can be 
modeled, very roughly, by (1), with g a term whose L 1 norm along M~{p) is 
bounded by the flux of curvature . In fact a more realistic model would be to 
consider a transport, similar to (1), along the null geodesies of a past null cone 
N~{p) in Minkowski space R 3+1 with t denoting the value of the standard afine 
parameter along null geodesies and x = (x 1 ,^ 2 ) denoting the standard sperical 
coordinates on the 2-spheres St , corresponding to constant value of t along N~ (p) . 
Thus the singular integral operator M would act on St- 

Finally we believe that our result, or rather our proof of the result, can be applied to 
other situations where one needs to make L 1 or L°° estimates for singular transport 
equations, where a simple logarithmic loss is unavoidable. 
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2. Preliminary results 

We recall briefly the classical Littlewood-Paley decomposition of functions defined 
on M d , 

/ = /o+ £ f k 

with frequency localized components fk, i.e. = for all values of £ outside the 

annulus 2 fc_1 < |£| < 2 k+1 and a function / with frequency localized in the ball 
|£| < 1. Such a decomposition can be easily achieved by choosing a test function 
X = i n Fourier space, supported in i < |£| < 2, and such that, for all £ ^ 0, 

EfcezX(2~ fc £) = 1- Then for k > set / fc (£) = x(2 fc £)/(£) or, in physical space, 

-Pfe/ = fk=Pk* f 

where pk{x) — 2 nk p(2 k x) and p(x) the inverse Fourier transform of x, while 

/o(o= (i - Ex(2- fc o]/(o 

and /o = Pof. The operators Pfc are called cut-off operators or, somewhat improp- 
erly, Littlewood-Paley projections. 

Let M be a Calderon-Zygmund operator with multiplier m, i.e., 

M?(0 = m(0/(0 (16) 
Here to is a smooth function satisfying 

\d?m(Z)\<c(l + \Z\)-\ a \, V£ G R d (17) 

for all multiindices a with |a| < d + 6 and a fixed constant c > 0. According to 
Michlin-Hormander theorem we have, 

\m(x)\ < c\x\- d , \d x m{x)\ < c|a:| — d— 1 (18) 

Due to the smoothness of the symbol of M at the origin we can also add the estimate 

\m(x)\ < c(l + \x\)- d - 6 (19) 

We shall make use of the standard Calderon-Zygmund estimates in L p , 1 < p < oo, 

\\Mf\\ LP <C p \\f\\ LP 

as well as the weak-i 1 estimate 

\{x: \Mf(x)\ >A}<C7A- 1 ||.f|| L1 

Our first result is a global version of the standard local L 1 estimate for a multiplier 
M. The local estimate in a ball Br does not require the condition (19) and takes 
the form 

||M/|| il(BR) < <7 fl (||/|Uilog + H/IUoc +1). 
We have the following 
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Lemma 2.1. Let M be a multiplier satisfying (19). Fix an L 1 (M. d ) positive function 
(3 and a constant \i > 0. Then for any smooth function f of compact support 

\\Mf\\ L1 < CN^if), 

where 

N ,Af) = Ml1 + \\ f \\ L1 iog+{su P S|b -^ 3 "y ,/IUa ° }, 

Xa is a partition of unity adapted to the balls of radius one with centers at integer 
lattice points a and log + x = log (2 + |x|). 

Proof We first note that the problem can be reduced to the case when the kernel 
of M, given by the function m(x), has compact support. This follows since 

Mf(x) = M f(x) + Mx/(x), M t f(x) = f X (x - y)m{x - y)f{y) dy, 

where x is a smooth cut-off function vanishing on the ball of radius one. Assumption 
(19) guarantees that x( x ) m ( x ) is integrable. As a consequence, 

IIM^IU. < C\\f\\ L i. 

To deal with M we proceed in the usual fashion by writing 

f- OO r- OC 

||Mo/|| L i - / \{x: \M f(x)\ > X}\ d\ < \{x : \M f <x (x)\ > X}\ d\ 
Jo Jo 

+ \{x : |M />a(x)| > A}| dX, 
Jo 

where f<\(x) is the function coinciding with f(x) on the set where |/(x)| < A and 
vanishing on its complement, and f>\ = f(x) — f<\. To estimate the term with 
f < x we use the weak-L 2 estimate 

|2 



[°°\{x: \M Q f <x (x)\ >\}\d\<C rM^kl = C f r \-i\f(x)\ 2 d\dx 

Jo Jo A J J\f(x)\ 

= C J \f{x)\dx 



To estimate the term with f>\ we decompose f>\ into the sum of functions /> A = 

Xa/>A 

f>\ = X! Xa/>A, 

where Xa is a partition of unity, parametrized by integer lattice points in R d with 
the property that the support of Xa is contained in the ball of radius two around 
the point a e K d . Since the kernel of M is supported in a ball of radius one, 
the support of M f* x is contained in the ball of radius three around k. As a 
consequence, there are at most 3 d C functions Mof^ x containing any given point x 
in their support. Therefore, 

\{x : |M />a(x)| > A}| < £ \{x : |M / a A (x)| > A(3 d C)- 1 }|. 

aGZ d 

We also have the trivial estimate, with another constant still denoted C, 
\{x: |M / a A (x)| > A(3 d C)- 1 }| <3 d C. 
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J( 

rXo 



poo 

/ \{x:\M f^(x)\>X(3 d C)- 1 }\dX 

JO 

/ 3 d C + 3 d C / / X-'WxahxhidX 

J0 J J\o 



< 3 d CX Q + 3 d C 



r i \- x \ x *f{x)\dxd\ 

J\ J\f(x)\>\ 



< 3 d CX + 3 d C j X ,(x)\f(x)\\log l -^\dx 

< 3 d CX + 3 d C f Xa ( x )|/( x )| log^Mdx 

J\f(x)\>X A 

< 3 d CX Q + 3 d C J Xa(aO|/(s)| log+ 

for some A > 0. We now choose A = \i J Xa(x)(3(x) dx. The above estimate then 
becomes 



Ja < 3 d C (»\\Xa0\\Li + J X*(X)\/(X)\ log 



+ \m\ 



MllXa/3|Ui. 

< 3 d C^IIXa/?|U 1 + / l/(-)IXa(x)|l0g+^^M X)l 

^^IXa.ll^/l/WIXaWlog^E^^M 



L 1 



< 



< 



Now, 



l|M /|| L i < j( \{x : |M /< A (x)| > A}| dX + / |{z : |M /> A (x)| > A}| dA 

< cii/ii^ + £ J a 



< 



CII/IUi + 3 d C M ||/3|| L1 + ||/|| L1 log+ sup ]T 



llXb/H 



L 3 



aGZ^ b Z ^ <3 M||Xo/3||li 



as desired. 
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We also need to consider powers of M n of M with multipliers mS n \(;) — m(£)". 
Clearly, there exists a constant C > depending only on c and d such that, 

\m^ n \x)\ < C n \x\- d , \d x m {n) (x)\ < C n \x\- d ~ 1 1 \m {n) (x)\ < C"(l + M)"^ 6 (20) 

Thus, for a similar C > 0, 

||M"/|| L1 < C n N^(f) (21) 

Let mfc(^) = x(2 fc £)m(£) and denote by M k the operator defined by the multiplier 
m k . Clearly M k f — P k (Mf). We shall also denote by Mj the operator PjM with 
multiplier m.j — J2keJ mk ^ or an y interval JcZ. In physical space, 

M k f{x)= / m k (x ~y)f(y)dy, M> k f = / m> k (x - y) f (y)dy 

We have the following, 

Lemma 2.2. Let k 6 Z + U {0} and assume that a k is a function whose frequency 
is supported in the band 2 k ~ 1 < |£| < 2 k+1 , or in the case k = in the ball £| < 1. 
Then, there exists a constant C > smc/i t/iai /or o/Z neN, 

||[(M n )> fc ,o fc ]/|Ui <C n || afc || L »||/|| Ll 



Proof : We have, 

C(a fe )/: = (M n )> fe (afe/)(a;) — a k (x)(M n )> k f(x 

= j m {n) > k (x - y)(a k (y) - a k (x))f(y)dy 

To show that the the integral operator C{a k ) maps L 1 into L 1 it suffices to show 
that, 

I = sup I(y) 

v 

I(y) = f \m (n) > k (x-y)\\a k (y)-a k (x)\dx<C n \\a k \\ L ^ 



We write, 

i(y) < h{y) + h(v) 



h{y) = I \m {n) > k (x - y)\\a k (y) - a k (x)\dx 

J\x~y\>2- k 

h{y) = / \m {n) > k (x - y)\\a k (y) - a k (x)\dx 

J\x-y\<2- k 

We have, 

\a k (y) - a k (x)\ < \x - y\ sup \da k (z)\ < 2 k \x - y\ \\a k \\ L ^ 

z£[x,y] 

We also have, 

\m^> k (x)\ <C n \x\- d 

Thus, 

h{y) < C n \\a k \\ L oo [ \x-y\- d 2 k \x-y\dx<C n \\a k \\ L 
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Also, since, 

|m<"> > k (x)\ < C^-^x]- 11 - 1 
h{y) < C n \\a k \\ L oo [ 2- k \x-y\- d - 1 dx<C n \\a k \\ L ~ 

J\x-y\>2- k 

as desired. ■ 
We shall now prove the following, 

Proposition 2.3. Let M be a Colder on- Zygmund operator on R 2 with the symbol 
satisfying (17) and a = a(x) a smooth function verifying the bound, 

IMIflJ,^) ^ A ( 22 ) 
Then, for every positive integer n we have, 

\\(aM) n f\\ L1 <C n A n N(f) (23) 
with N(f) defined by (13). 

Remark 2.4. Observe that the proposition remains valid if we replace (aM) n by 
a (1) M (1) a (2) M (2) . . . a {n) M (n) with 

li a ( l )lls 2 1 il (R d ) < A i = l,...n 

and Mi, M 2 , . . . M„ translation invariant Calderon-Zygmund operators with sym- 
bols which are uniformly bounded by the same constant c, see (17). 

The proof follows immediately from the following lemma. 

Lemma 2.5. Let (ki,...,k n ) be an n-tuple of non- negative integers and assume 
that the functions a ki with < i < n have frequencies supported in the dyadic shells 
[2 ki - 1 , 2 ki+1 ], or in the case ki — in the ball |£| < 1. Then for some positive 
constant B, 

\\Ma kl M...a kn Mf\\ L1 < B n A kl ... kn N(f) (24) 

where 

A kl ...k n = ||fflfei Wh 1 ■ ■ ■ ||ofc„ Wh 1 (25) 

Proof : We prove by induction on n the following stronger version of estimate 
(24), 

\\M l a kl M . . . a kn Mf\\ Ll < B? +l B%A kl ... kn N(f) (26) 

with appropriately chosen constants constants Bi,B 2 - Assume that the estimate 
has been proved for (n - 1) and any I e N. Splitting M := M l = M <kl + M> kl we 
need to prove, 

\\M> kl (a kl Ma k2 ...a kn M)f\\ L i < B? +l B%A kl ... kn N(f) (27) 
\\M <kl (a kl Ma k2 ...a kn M)f\\ L i<B? +l B2A kl ... kn N(f) (28) 
To deal with the first inequality we write, 

M> kl a kl Ma k2 . . .a kn M = a kl M> kl Ma k2 . . . a kn M 

+ [M> kl ,a kl ]Ma k2 ...a kn M 
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According to Lemma 2.2 and the Bernstein inequality ||a/c||L°° < ||flfe||//i, we have, 
\\[M> kl ,a kl ]Ma k2 ...a kn Mf\\ L i < C l \\a kl \\ m \\Ma ka . . . a kn Mf\\ L i 

Also, 

\\a kl M> kl Ma k2 ...a kn Mf\\ Ll < \\a kl \\ L «, \\M l+1 a k2 . . . a kn Mf\\ L i (29) 

Thus, taking into account our induction hypothesis, 

\\M> kl (a kl Ma k2 ...a kn M)f\\ L1 < C l \\a kl \\ m ■ \\Ma k2 M . . . a kn Mf\\ L i 

\\M l+1 a k2 ...a kn Mf\\ L1 

< (C'B^B^ 1 + B^+ l B^- 1 )A kl ... kn N(f) 

< B- +l B-A kl ... kn N{f) 

as desired, provided that the constants Bi,B 2 are sufficiently large, in fact we need 
B x > C and B 2 > 1. 

We now consider the more difficult term 

M <kl (a kl Ma k2 ...a kn M)f = M <kl (a kl M(g)) = M <kl (a kl M kl (g)) 

with g = (a k2 Ma kli . . . a kn M)f. Note that if k\ = the operator M <kl is a multi- 
plier with a smooth symbol of compact support. As a consequence it is bounded 
on L 1 and, with ao — a kl , 

\\M <0 {a Ma k2 . . . a kn M)f\\ L i < C l \\a kl \\ H i \\Ma k2 . . . a kn M)f\\ L i 

<C l B?B^A kl ... kn N(f). 

Therefore to prove (28) we need to consider the case k\ > and estimate, 

\\M <kl (a kl Ma k2 . . .a kn Mf)\\ L i 

We further decompose as follows, 

M <kl (a kl Ma k2 ...a kn Mf) = ^M <kl M [k]nS]n (f) (30) 

[*]« 

M lk] n ,[i]n(f) = a k ,M h a k2 ...M ln _,a kn MiJ 

with [/]„ denoting an arbitrary integer n-tuplc (h, l n ) G (Z+ U {0})" and [k] n = 
(fci, . . . , k n ). Whenever there is no possibility of confusion we shall drop the index 
n and write simply simply write [k] , [I] . By the triangle inequality 

\\M <kl (a kl Ma k2 ...a kn Mf)\\ L i <^2\\M <kl M [k]nt[l]n {f)\W 

[l]n 

We note that in the expression M^a^M^^a^ . . .a kn Mi n f) the frequency h is 
forced to be of the order of k\. This allows us to insert a factor of 2~l fel ~ (l l in the 
above expression. Using (21) we then derive, 

||M< fcl M [fc]i[q (/)|| L1 <2-^-^BlB 2 N, ([l]) AM [km (f)) (31) 
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Here, the notation /x( [I] ) indicates that the scalar \i will be chosen dependent on 
the multi-index [I] = [l] n . Recall that 9 , 

N,Aa) = + \\g\\» iog + { sup > 

We now make the following choice for the scalar \x. The choice will be justified in 
the lemmas below. 

MM) = ^fc 1 ...fc„2- Q (w»), 
1 n 

a &] = ^^2^{\l m -lm-l\,\ l m~k m {j 

m=2 

We also choose the function 

/3 = (1 + N)" 3 . 
Observe that the following holds true, 

3 ||Xb)8|Ui < \\xJ3\\v < ) 3 |IXb/3|U 1 (32) 

We will need to make use of the following, 

Lemma 2.6. The following estimates hold true for the expression, 
M[ k ],[i]{f) = a kl M h a k2 ....a kn M ln f, 

\\M [km (f)h> Z C n 2- 2 ^A kl .. k Jf\\ L1 (33) 

\\x*M [km (f)\\ L oo < C n A kl .. kn J2<\ h - a \>~ 3 W^fh- ( 34 ) 

bez 2 



We postpone the proof of the lemma to the end of this section. 

Now, using (31) 

\\M <kl {a kl Ma k2 ...a kn Mf)\\ L i < ^ ||M <fel M [fe]i m(/)|| L i 

[l]n 

Given our choice of /x( [Z] ) we have, 

[l] [l] 

= A k k ^ ^2 _|fel_ ' 11 • 2 _ ^ min(l ' 2_ ' l| ' l ' 2_fc2|) • . 2 -5 min (l^- i «-iM'"- fc «l)^ 
[I] 



9 For simplicity of notation we drop the summation X)|b-a|<3 wmcn wm om y adds a finite 
number of terms of the same type. 
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Thus, in order to end he proof of (28) it suffices to show that 
^- lkl - hl \\M mi] (f)h^{ S n V ] ^^i^ }<C n A kl ... kn N{f) (35) 

Using (33) and (34) and recalling the definition of n[l] 1 (3(x), we obtain 

Eo-\ki-h\nnf 1 +r \\Xa M [k] ,[(](/) || Loo 

rj, aeZ d M([iJ)IIXaP||Li 



<C 2 «A fcl ... fe „ ^2-1^-^2-^1)11/11^ io g+ ( sup 



<C"A fel ... fen ^2-l fe -^2- 2 ^])|| / | Ul l 0g +{ C «-i sup ^ < | b -a| >- 3 2 -^P^r f h ° 

IXa/IU 
a-.' IIXa/3||Li 



< C 2 "A fcl ... fe J|/|| L1 log+ f sup < |a| > 3 HXa/llLoc) 

<C 2? M fel ... fc „7V(.f), 
as desired. Here we have used, 

(l + |a|) 3 <(l + |b-a|) 3 (l + |b|) 3 
and the finitencss of the sum 

2-| fc i-'il2-"( W ) = ^ ^2 _|fcl_ ' l| 2 _ 2 min(\h-h\,\h-k 2 \) . . 2 -5 min(|J n -/ n _i|,|J n -fe n |)^ 

It remains to prove Lemma 2.6. Estimate (33) follows recursively provided that we 
can establish the following 

\\M lm _ iakm P lm h\\ L1 < \\aU^2-^\^-^-^-^\\h\\ L1 (36) 
In fact, since M; m _ 1 is bounded in L 1 , it suffices to prove, 

\\P lm _ iakm P lm h\\ Ll < ||a fcm || Hl 2- min ^-^- 1 l'^- fe -l)||/ 1 |U 1 (37) 

On the other hand, estimate (34) is a localized version of the trivial estimate 

\\a kl M h a k2 ....a kn M u f\\ L ^ < C n A kl .. kn \\f\\ L °°, 

which holds since each of the frequency localized Caldcron-Zygmund operators Mi 
are bounded on L p including p — l,oo. Its localized version follows inductively 
from the estimate, 

||XaM iXb5 || L » <C(l + |b-a|)- 3 ||. 9 || L », ;>0 (38) 

which holds true on account of the sharp localization of the kernel of M; , in physical 
space, due to the smoothness of the symbol of M at zero. Indeed the kernel of 
m(x — y) of the operator Xa-^zXb verifies, 

\m(x -y)\< <?Xa(z)(l + \x - y\y 6 Xb(y) < C(l + |b - al)" 3 ™^ - y) 
with m\{x — y) = (l + \x — y|)~ 3 in L 1 . 

To prove (37) we distinguish the following cases. 
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(1) Assume l m -i < k m . Observe that Pi m _ 1 (a km Pi m h) = unless \l m — k m \ < 
2. Therefore, since 

min (\l m - / ro _i|, \l m - k m \)) w 1 

we have , 

\\Pi m -Aak m Pk m h)\\ L i < ||o fcra || ff i||ft|| L i 

< 2 -^ l -- l --^- k ^\\a k J\ m \\h\\ Ll 

as desired. 

(2) Assume l m -\ > k m . In this case Pi m _ 1 (a km Pi m h) = unless \l m -i —l m \ < 
2. Therefore we have again, 

min (\l m - l m -i\, \lm - k m \)) w 1 

and 

< 2- min (l , ™- , "- 1 l'l , ™- fc ™l)||a fcra || H i||^|| i i 

(3) If Z m _i = k m , then Pi m _ 1 (a km Pi m h) — unless Z m < fc m . Then, using the 
Bernstein inequality ||P; m /i|| L 2 < 2'™||/i|| i 2 we derive, 

\\Pi m -Aak m Pi m h)\\v < \\(a km Pi m h)\\ L i<\\a km \\ L 2\\Pi m h)\\ L * 

< 2- k -\\a k J\ Hl \\P lm h\\ L2 

< 2- k -+ l -\\a k \\ Hl \\h\\ Ll 
Since in this case l m < k m = l m -i we have, 

min (\l m — l m —i\, \l m — fc TO |) = k m — l m 

Therefore, 

\\P lm ^(a km Pi m h)\W < 2" mi -(l , ™-'«-l-l I ™- fc ™l)||a fcra || ffl ||ft|| Ll 
as desired. 

Thus in all cases inequality (37) is verified. ■ 



3. Proof of the main theorem 



We need to prove the estimate 



sup ||u(t)|| L i (R d) < CN(g) 
*e[o,i] 



where d = 2 and 



N(g) = \\g\\m[0,l]xR2) log+ { Sup |a| 2 ||Xag||L»([0.1]xK2)} + 1 

a£Z 2 

for a solution to (1) 

dtu — a(t,x)Mu = g, u(0,x) = 0, 
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where the coefficient a admits the decomposition 

a = d t b + c (39) 
with a, b and c satisfying the conditions (8), (10) and (11). 

We define the iterates u° — 0, u 1 , . . . u n , u n+1 according to the recursive formula, 
d t u^ +1 ^(t,x) ^a(t ,x)Mu^(t,x)+g(t,x), u^ n+1 \0)=0. (40) 

3.1. First iterates. To illustrate our method consider first the case of the iterate, 



« (2) (*o)= / g{ti)dt 1 + [ a{ti)dtiM ( g(t 2 )dt 



2 



JO JO 

Thus, 

rt, 



sup u^(t )\\ L i {Rd) < || sup / + || sup i"(t )||i,i 

,e[o,i] t e[o,i]Jo t e[o,i] 

/(to) = / o(ti)dtiM / g{t 2 )dt 2 
JO Jo 



The first term is trivial. To estimate the second term we need to make use of the 
decomposition (39). Thus, 

/(to) = h(t ) + IJto) 

J c (t ) = / c(ti)dti / Mg(t 2 )dt 2 
Jo Jo 

I b (to) = f d tl b{ti)dti f Mg(t 2 )dt 2 
Jo Jo 

= b(to) f Mg{t 2 )dt 2 - f 6(ti)M ff (ti)dti 
Jo Jo 

■= h,i(t ) + hAto) 

To estimate I c we use the fact that, for d = 2, the Bcsove space i?2 iQ^ d ) embedds 
in L°°(R d ) and the estimate, 



\\Mg(t)\\ L i m < \\g(t)\\ L i (Rd) log+ \\g(t)\\ L oo m + 1 < iV(.g(t)) 

Thus, 

II sup / c (*o)||li < / ||c(*i)||£oodti f \\Mg(t 2 )\\ L i (Rd) dt 2 
t e[o,i] jo Jo 



< 



[ l|c(ti)||Bi l( R«.)dti [ 1 N(g)(t 2 )dt 2 

JO ' Jo 



< \\c\\ 3 N{g) 
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On the other hand, decomposing b = bo + J2kei, + ^k, 

/•to 

|| sup /&,i(to)||z,i(R<i) < || sup 6(i )IU~(E<i) / \\Mg(t 2 )\\Li(R*)dt2 
t e[o,i] toe[o,i] Jo 

< N(g)\\ sup b(t )\\ L oo {Rd) 
t e [0,1] 

^ N (a) II sup M*o)IU°°(r<») 

fcez + u{o} ^I - 1 ! 

We now appeal to the following straightforward lemma, 

Lemma 3.2. The following calculaus inequality holds true (see (10)) for k > 0, 

sup \\h(t)\\ mm < \\dM% 2 H1 \\b k \\% 2 H1 < 2- k ^\\b k \\ 2 

t€[0,l] 4 * 

Also, 

|| sup M*)IU~(R') < \\d t b k \\%m\\h\\% 2 H1 <2- fe / 2 ||6 fc || 2 

t€[0,l] * 4 

In view of the Lemma we deduce, 

|| sup / 64 (to)llLi(R d ) ~ N (9) H ll^lli?^ 1 
*<>e[o,i] fcez+u{o} 



< J] 2- fe / 2 ||6 fe || 2 <7V( 5 )||6|| 2 

feez + u{0} 



Similarly, 



Therefore, 



sup 4,2 (*o) || z,i ( R <J) < || / &(ti)M 3 (ti)(iti|| L i (R d ) 
t e[o,i] Jo 

< N(g) sup ||6(ti)lk~ 

tiG[0,l] 

< N(g)\\b\\ 2 



| sup u^(t )\\ L1{Md) <N(g)(\\b\\ 2 + \\c\\ 3 ) 
t e[o,i] 



Remark 3.3. Observe that there is room of a 1/2 derivative in the estimates for 
This room will play an important role for treating the general iterates u^ n+1 \ 

Consider now the more dificult case of the iterate u^ 3 \ 

m (3) = f g(t 1 )dt 1 + [ a(ti)Mu (2) (ti)^i 
Jo Jo 

git^dh + f a(h)dhM( f g(t 2 )dt 2 ) 
o Jo Jo 

/•to rti rt 2 

+ ait^Mait^Mg^dhdhdta 
Jo Jo Jo 
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We concentrate our attention on the last term, 

rt(i rt-\ rti 



/■to r l i r l 2 

I(t ) = ait^Ma^Mgit^dhd^dh 
Jo Jo Jo 

As we decompose each a(U) = d t b(ti) + c{ti) with i = 1,2 we notice that we can 
only integrate by parts only one of the potentially two terms containing dtb{t{). We 
need to make that choice judiciously, based on the relative strength of the terms. 
We begin by decomposing a(ii), a(t 2 ) into their Littlewood-Paley pieces and write, 

fto rti c-t 2 



7(t ) = f f f Yl ak^Mak^Mg^dt^dts 
J ° J ° J ° fa, fa€ Z + U{0} 
/•to pti rt 2 rt rti rt 2 rt rti rt 2 

■l" J° JO oj^<k 2 + J° J° J° 0^~Lk 2 + Jo Jo Jo fei §; 



In what follows we will tacitly assume that all the integer indices ki take values 
in the set of non-negative integers and will not write this constraint explicitly. 
Consider the last term, 

rto rti rt 2 

J(to)= ak^t^Mak^Mgit^dhdhdh 
J o Jo Jo ki>k2 

We further decompose, 

a-kt (h) = d t b kl (ti) + c kl (ti) 
and concentrate on the term, 

ft® rti rt 2 



J b (t Q ) = [° [ [ V a tl 6 fcl (ti)Mafc a (t2)M</(t 3 )dtidt2dt3 
J o J o Jo kl>k2 

J2 b kl (to) f f Ma k2 (t 2 )Mg(t 3 )dt 2 dt 3 
.^t.. Jo Jo 



fci >k 2 



~ H I I 6fci(*i)Afa fca (ti)M«/(t 3 )dtidt3 
,. - Jo Jo 



k\>k 2 



Let, 



Jbi(io)= V 6 fcl (t ) / / Ma k2 (t 2 )Mg(t 3 )dt 2 dt 

JO Jo 



fci>fe 2 

and estimate 

fto i>t 2 



\\Mto)\\ L i < V ||M*o)||l~ I ° I 2 \\Ma k2 (t 2 )Mg(t 3 )\\ L idt 2 dt 3 
kl >k 2 J o Jo 

Using Lemma 2.6 we have, 

\\Ma k2 (t 2 )Mg(t 3 )\\ L1 < \\a k2 (t 2 )\\ m N(g)(t 3 ) 

Also, according to Lemma 3.2, using the norm || || 2 introduced in (11), 

IIMio)||L~<2- fel / 2 ||6 fel || 2 
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Hence, 

\\Mh)\\v < Y\ 2 " fel/2 H^ill2 P \\a k2 (t 2 )\\ m dt 2 f 2 N(g)(t 3 )dt 3 dt 3 
kl >k 2 >o Jo Jo 

< N(g) J2 2- fel/2 ||M| 2 K 2 ||i< JV0/)l|6||2||a||i 

k 1 >k 2 >0 

The term J b2 = Y.k 1 >k 2 io° Jo* bk i {ti)Ma k2 {t-i)Mg(t 3 )dt\dt 3 can be treated in ex- 
actly the same fashion. Thus, 

ll^(*o)lki < ^(5)l|6||2||a||i (41) 

Consider now the term, 

pto pti r^2 



J c (t ) = f° [ [ V Ck^Mak^Mgit^dhdtidts 
J o J o Jo ki>k2 

We further decompose 



afe 2 (t 2 ) = d t b k2 (t 2 ) + c fe2 (t 2 ) 
We show how to treat the term, 

("to fti ft 2 



J c (to) = f f f V Ck^Mdtbk^Mg^dhdhdta 
J ° Jo Jo k 1>k2 

= J2 I" f Ck^Mbk^Mg^dhdts 

~ I I c fel (ii)M6 fe2 (t 2 )M ff (i 2 )rfti^ 2 

^ Jo Jo 



k\ >k 2 



Hence, using first Lemma 2.6 followed by Lemma 3.2 



ll^c(io)lki < V [° [ Wck^Mbk^Mg^hidtidts 
kl >k 2 Jo Jo 

+ Y) [° [ l|c fcl (ii)M6 fc2 (t 2 )M 3 (t 2 )|| L idt 1 ^ 2 
kl >k 2 Jo Jo 

kl >k 2 Jo Jo 

Y] f° / 1 ||c fel (ti)|| H i||6 fe2 (t 2 )|| ff i^(5)(i2)^irfi2 
^kJ Jo 

V sup \\b k2 (t)\\ H i f° I 1 ||c fcl (ti)|| H iJV( ff )(t 2 )dti(it2 
. ^i. tefoal Jo Jo 



ki>k 2 

< 



< N(g) Yl 2-fc/2|| 6fc2 || 2 || Cfci || Llffl < N(g)\\b\\ 2 Y^ \\c kl \\ L , m 

k ± >k 2 >0 fei 

< ^(5)l|6||2||c|| 3 
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3.4. General case. Treatment of the general case will follow the scheme laid down 
for the third iterate u( 3 \ Additional challenge however is presented in controlling 
constants in the estimates, which may grow uncontrollably with respect to the order 
of the iterates. Recalling (40) we write, 

u (n+1) (t) = f git^dtx + f ait^dh f 1 Mg(t 2 )dt 2 + ... 
Jo Jo Jo 

+ / / .../ a(t 1 )Ma{t 2 )M...a(t n )Mg(t n+1 )dt 1 dt 2 ...dt n+1 
Jo Jo Jo 

To simplify notations introduce the simplex A n (t) defined by, 
t > ii > t 2 . . . > t n > t„+i > 

and write, 

u^ n+1 \t) = u^(t) + J n (t) (42) 

where, 

J n (t) = [ a(t 1 )Ma(t 2 )M...a(t m )Mg{t n+1 ) 

JA n (t„) 

:= I ... I dh... dt n+1 o(ti)Ma(t 2 )M . . . a(t m )Mg(t n+1 ) 

J JA n (t a ) 

To prove (13) it will suffice to show that 

sup \\J n (t)\\ Lim <C n A n N(g) (43) 
te[o,i] 

We decompose each a(ti) in the expression for J„ into its Littlewood-Paley compo- 
nents according to, 

a(U)= p ka(U) = a (U) + ^ a *=,(^) 

fcez + u{o} kiEi, + 

Thus, writing k = (fci, . . . k n ) e (Z+ U {0})" 

J n {t) = J(t) [ a{t 1 ) kl M...a kn {t n )Mg(t n+1 ) (44) 

ke(z+u{o})" "' A ™( t ) 

For each 1 < j < n we define, 

[kj] = {(ki,k 2 , ...k n )e (Z+ U {0})™ | h < kj Vi} (45) 

to be the set on n-tuples (k\,...,k n ) with the property that for each i = l,..,n 
ki < kj . In what follows we will tacitly assume that all indices ki take values in the 
set of non-negative integers and will not write this constraint explicitly. Let, 



4(t) = J j (t) = V / a kl (h)M...a kn (t n )Mg(t n+1 ) (46) 

Clearly, 



I^WIIli(r-)<EII j »(*)II^ 

!(R d ) 

i=i 
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We now fix j and decompose in view of (39), 

a k] (tj ) = d t b kj (tj ) + c kj (tj) (47) 

Thus, 

j*® = 4(t) + jm= ]r 4, k (t) + E J c, k (*) (48) 



4 k (i) - / a kl {t 1 )M...d t b kj {t j )M...a kn {t n )Mg(t n+1 )dt 1 ...dt n+1 

JA n (t) 

J J ck (t) = / Ofc 1 (ti)M...Cfc i (ij)Af...Ofc n (t„)Mff(t n+ i)dti...dt n+ i 

JA n (t) 

with the summation convention, 

E = E E - ^ = (^1,...^...^). 

ke[fej] fejGZ k'<fej 

We first estimate 10 Jt, = J° b . Integrating by parts, 



,k(i) = / ...a kj _ 1 {t J - 1 )Mb kj (t j „ 1 )Ma kj+1 (t J+1 )...Mg(t n+1 )dt 1 ...dt J ...dt n+1 

M„-i(f) 

/ • ■ • afe J _ 1 (tj_i)M6 fej (tj- + i)Mofc j+1 (t i7 - + i) . . . Mg(t n+ i)dti ...dtj... dt n+1 

JA„_!(t) 



IKkWIUi < C"iV( 5 )2-^/ 2 ||6 fe3 || 2 |A„_ 2 (i)| 1/2 ( / .Ik:...';-..^//, ...'//,• ••'/'„) 



= ATk(*) + 4k(*) 

Now, with the help of Lemma 2.6, we proceed as in the previous subsection, 
K'kWIU 1 £ C n sup|m(t)|| ffl / A k {t u ...f j ...t n )N{g)(t n+1 )dt 1 ...dt j ...dt n+1 

t iA„_,(l) 

where, 

A kj (...i}...) = ||a fel (ii)|| H i • •• \\a kj (tj)\\Hi ■■■\\a kn (t n )\\ H i 
Henceforth, with the help of Lemma 3.2, 

, 1/2 

/±k(. . . Lj . . . ) ail ■ ■ ■ aL j ■ ■ ■ aL n 

'A n _ 2 (i) 

where |A„_2(t)| is the volume of the n — 2 dimensional simplex 11 . Consequently, 
IKkWIUi < C"((n - l)!)- 1 / 2 7V(.g)2-^/ 2 ||6 fcj . || 2 ||a fel ^ . . . IKjl . . . || 0fc J|i 
and, by triangle inequality and then Cauchy-Schwartz, 

II E J 6TkWIU> < ^((n-l)!)" 1 /^) £ 2-^/ 2 ||6 fc J| 2 ||a fcl || 1 ...|Sj 1 ...||a fcB || 1 
ke[ kj ] ke[ kj ] 

< C-((n-iy.)-^N(g)(Y: 2- fc 1/2 ( E II** Il2ll«*i II? ■ ■ ■ II?) ^ 

ke[fe 3 ] kGlfej] 

< Jc^N^WbhWaWl 



n-l 



10 For simplicity, since j is kept fix we drop the j upper index below 

11 ln our notations it corresponds to an actual (n — l)-dimensional simplex. 
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Proceeding exactly in the same way we derive, 

II E J 6tk(*)IU' < nCTN^WbhWaWr 1 

Therefore, recalling that Jb(t) = X}ke[fc] Jb,k{t), 

\\4(t)h Hm < nC-NigMUlMr 1 (49) 

To estimate J£(t) = J2ke[k ] Jc,k(t) we have to do a further decomposition. We 
define, 

[kj, k{\ = {(k u k 2 , . . . fc n ) e (Z+ U {0})" \k l <k l < k Vi^U} (50) 
For fixed j we have precisely n— 1 such regions covering [fcj] . Fix Z 7^ j and consider, 

Ji\t)= E J c,k(*) (5i) 

ke[/cj,fci] 



Clearly, 



l^(*)IU^) £ EKkWIU^) (52) 



In view of (39) we decompose, 

a kl (U) = d t b kl (U) + c kl (ti) (53) 
Thus, dropping the upper indices j, I, 

Jc(t) = Jcb(t) + Jcc(t) = E J cbM(t)+ E Jcc < k W ^ 54 ) 

ke^.fci] ke[fej,fci] 
J C 6,k(t) = / a^it^M ...Ck^t^M ...d t b kl (U)M ...a kn (t n )Mg(t n+1 )dt 1 ...dt n+1 

JA n (t) 



Jcc,k(t) = / a(ti) kl M . . .c k Atj)M . . .c kl (ti) . . .a kn (t n )Mg(t n+1 )dti . . .dt n+1 

JA n (t) 

Integrating by parts, and droping the operators M for a moment, 

JcbMi 1 ) = \ ...c kj (t j )...a kl _ 1 (ti^i)b kl (ti^i)a kl+1 (U + i)...g(t n+ i)dti...dti...dt n+ i 

- / • • -c kj {tj) . . . a kl _^{ti-\)b kl {ti + i)a kl+1 {ti + i)a kl+2 {ti + 2) ■ ..g{t n+ i)dti ...dti.. .dt n+1 

w„-i(t) 

= ^.kW + ^kW 
Using Lemma 2.6 as before, 

ll^clkWIU 1 £ C n sup\\b kl (t)\\ H i [ B k (t 1 ,...t l ...t n )N(g){t n+1 )dt 1 ...dt l ...dt n+1 

t iA„_,(() 

where, 

B k (. ..£...) = \\a kl (h)\\ H i . . . \\c kj (tj)\\ H i . . . \\a kl (U)\\ H i . . . ||ofc n (i n )||jji 
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Therefore, exactly as before with the help of Lemma 3.2, 

IKlkWIUi < C n N{g)2- k ^\\b kl \\ 2 P Kn _ 2 (t) 

i\c,n-2(t) = I B ]l (...ti...)dt 1 ...dti...dt n 

JA„.-n(t) 



'A n _ 2 (t) 

Observe that, 



Pk.n-2(t) < / ||a fel (ti)||ffi ■ ■ • • • • \\a kl (ti)\\ H i . . . \\a kn (t n )\\ H idti . . . dti . . . dt n 

JA„_ 2 (() 



Thus, 



with, 



E ^,k(*)IUi <C"((n-2)!)- 1 /2 A /( ff )Q 



= £ 2- fe '/ 2 ||M 2 |kJ 3 E lkJ|i...|KTi...K|| 1 ...||a fen || 1 

with fc" = (fei, &2 . . . ,kj,. . . ,k[ . . . k n ). Therefore, by Cauchy- Schwartz, 

q < e 2 " fe ' /2fc l n " 2)/2 ii^ii2iic fej .|| 3 ( E ii«fciiii---ii«fc»iii) 1/2 
<iiaiir 2 En%ii3 E 2- fc '/ 2 fcr 2)/2 ii6 fe j| 2 

kj£Z ki<kj 

<Hr 2 iifeii 2 Eii%ii3(E2- fe! fcr 2) ) 1/2 

<((n-l)!) 1 /2|| a || r 2|| fe || 2 || c || 3 

Consequently, 

II E ^tkWII^ ^ C«(^-^) 1/2 7V( 3 )|| a ||r 2 ||6|| 2 || C || 3 
< n^C"iV( 3 )|| a ||r 2 ||6|| 2 ||c|| 3 

Therefore, 

sup II^(*)IUm^> < rxiC"7V(^)||c l ||^- 2 ||6|| 2 ||c||3 (55) 
te[o,i] 

To treat the term J cc ,k(i) we decompose once more. Continuing in the same manner 
after m steps we arrive at the integral, 

^x'-tu*) = E / ••• ( 56 ) 

with the integrand containing C\ — c k , c 2 = c k . . . c m _i = c k and 

fei > • • ■ fc jm-i] = {(fci • • ■ fen) e IP h < k jm < . . . < k n Mi ^ Ji , J 2 . . . jm-l} 
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Clearly [kj 1 , . . . kj m _ 1 ] can be covered by precisely n — m + 1 regions of the form 
fei>---^J- We have, 

^srw = E«^(*), k^Kk^ (57) 

- E / A(t) -" ( 58 ) 

In view of (39) we decompose, 

a k Jm (t jm ) = a t 6 fcjm {t jm ) + %m (t jm ) (59) 

and, respectively, 

■fc/-;(0= E «c± 1 6 ra ,k(*)+ E 

where b TO = , c m = c kjm Proceeding exactly as before, integrating by parts and 
using Lemma 2.6, we write, 

KX'^kWIU 1 < C n su P \\b kj Jt)\\ Hl [ B k ( tl ,...t jm ...t n )N(g)(t n+1 ) 

t JA„_,(t) 

where, 

Bk(...^- m ...) = \\c kjl (t jl )\\ m ...\\c kjm _ i (t jm _ 1 )\\ m 
■ \\ak jm+1 (t jm+1 )\\m ■ ■ - \\a k:in (t jn )\\ H i 

Therefore, 

llttiH*)!^ < C n N{g)2- k ^^\\b k] J\ 2 P^ 2 it) 



Pk,n-2(t) = / Bk(...t,- m ...) 

M„- 2 (t) 

where % m+1 , ■ ■ ■ fcj„ are the labels for all other frequencies different from fcjj , . . . /c :(m _ 1 . 

To estimate P^ n -2{t) we make use of the following obvious lemma. 

Lemma 3.5. Let fi, f 2 , ■ ■ ■ f n be an ordered sequence ofn positive, integrable, func- 
tions defined on the interval [0, 1] CR among which m, say f il ,i = 1, . . . m are in 
L 1 and n — m, say fj 1 , . . . fj n _ m are in L 2 . Then, 

[ h(h)...f n (t n )dh...dt n < ( 1 J ^WUAW-.-WhALi 

■ \\fh\W--\\f in - m \W 

According to Lemma 3.5 we have, 

1 1 /2 

Pu,n-2(t) < ( ( n _ m _ !); ) KilU 1 " 1 ■■■\\ c ki m _ 1 him ■ IK m+1 lli---IK„lli 
Observe that, 

E K„ +1 lli-KJIi S (%J ( "" 1_m)/2 ( E lk*wJI?-ll°^ll?) 1/a 

S £. . <-" U . 

<T //„ U™-!-" 1 )/ 2 !! nm-n 
~ \ K j m ) \\ a \\l 
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where k" = (kj m+1 , . . . kj n ). Observe also that, 

£ \\c kji \\ L1B1 . . . \\ L , H , < j-L-\\c\\?- 1 (60) 

kj 1 <kj 2 ...<kj m l 

Indeed this follows by symmetry in view of the fact that, 

E w° k n iii 1 ^ 1 • • • iii 1 ^ 1 ~ ii c iir _1 

Finally, by Cauchy-Schwartz, 

£ 2-^/ 2 (fc jm ) ( "- 1 - ro)/2 ||6 fcj .J| 2 <((n-m)!)^||6|| 2 

Hence, 

E ii^rwiU 1 s c "(^^( (J" m m) i)! ) 1/2 ^'' b '' 2 '' a ''^ m '' c ''3 

In other words, 

E < n " cn j^Jy A o ( 61 ) 

[fc-jj ...fcj m ] 

We are ready to estimate J n (t) = J(t) in formula (46). We have, 

n 

\\m\») <En jjl (*)n^ 

ii=i 

and, 

II^WII^ < II^WII^ + II^WII^ 

< niC"Ag + ||^(t)|| L1 

Hence, 

n 

II^WIIli < nlC^+Ell^WIU 1 

Jl=l 

On the other hand, for each j\, 

n 

\\4l(t)\W< E W'WIU* 

and, 

\\Jii j2 (t)\\ L i < \\Ji£m L i + \\Jiiim\Li 

(in \n 

< ^—^ + \\J^{t)\\^ 

Therefore, 

3 1=£32 
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Continuing in this way we derive, 

\\Ut)\W < iV( g )niAgC"(l + ^ + <" ~ " 2) • • • + ^ " ^ : %; ^ + ■ ■ ■ 1) 

< nlA"C"(l + l)"" 1 ^) < nlA^(2C)"7V( 5 ), 
as claimed in (43). 
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